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An efficient flux-difference split scheme for calculating steady and unsteady thin-layer Navier-Stokes
solutions for airfoils and wings is presented. Steady solutions for a flat plate laminar boundary-layer
profile are correctly modeled with only three grid cells internal to the boundary layer. The flux-difference
split algorithm was used to evaluate the scheme for unsteady viscous calculations. The diffusive terms
are time lagged in the solution process. The scheme is second-order accurate in space and first-order
accurate in time due to the explicit treatment of the diffusive terms. A Newton subiteration technique
was implemented to allow for larger time step sizes and second-order temporal accuracy. The subiter-
ations are more efficient than a normal time step iteration since the flux Jacobians need not be updated
for the subiterations. The result is a more efficient and robust unsteady thin-layer Navier-Stokes algo-
rithm that shows extremely good comparison with unsteady experimental data for oscillating airfoils and
wings, even for calculations using large Courant numbers (up to 45,000) on extremely fine viscous grids.
Engineering solutions for oscillating airfoils and wings can be obtained using the algorithm presented.
Accurate viscous results can be obtained at a cost near that of in viscid results (on the same grid), yet
with the inclusion of the time-lagged viscous terms, the results are superior to those obtained using in-
viscid schemes.

Introduction

THE area of computational fluid dynamics (CFD) has seen
tremendous progress in recent years due to improvements

in both computational algorithms and computer hardware. The
improvements now make it possible to obtain steady inviscid
solutions for very complex configurations such as modern fighter
aircraft and the external weapons used on these aircraft.1 How-
ever, many of these aircraft and weapons operate in flow con-
ditions that make inviscid solutions an inappropriate model.
Modern fighter aircraft must be able to release stores and mis-
siles while maneuvering at transonic speeds. The analysis of
these problems requires unsteady calculations, as does the
analysis of aeroelastic problems. Often, solutions that include
the effects of viscosity are necessary to appropriately model
these flowfields; however, for these types of configurations,
viscous solutions are not practical with current CFD codes due
to the large computer run times and large memory require-
ments. The objective of the present work is to develop a three-
dimensional unsteady viscous computational technique, whereby
the magnitude of the time step that can be used is restricted
by the physics of the flow being solved and not the numerics
of the computational scheme used. To this end, a numerical
scheme is presented that is shown to be accurate and com-
putationally efficient enough to make viscous calculations
practical for both steady and unsteady flowfields on extremely
fine viscous grids.

The approach taken is an extension of two implicit Euler
algorithms described by Belk2 and Whitfield et al.3 The al-
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gorithm used in this work is a combination of a flux-vector
split (FVS) scheme based on Steger-Warming4 splitting and a
flux-difference split (FDS) scheme based on Roe's5 approxi-
mate Riemann solver. The algorithm uses the implicit portion
of the FVS scheme and the explicit portion of the FDS scheme.
Since the algorithm behaves as a Roe-type scheme, it will be
referred to here as an FDS or Roe scheme. The inclusion of
the viscous terms into these Euler algorithms is accomplished
as described by Gatlin,6 where the diffusive terms have been
added to the algorithm explicitly in order to save the cost of
computing and storing the viscous flux Jacobians. The explicit
treatment of the diffusive terms also preserves the computa-
tional efficiency peculiar to the inviscid algorithm.2

The three-dimensional Navier-Stokes equations in differ-
ential form are placed in curvilinear coordinates, and the thin-
layer assumption is applied to reduce the Navier-Stokes equa-
tion set. The FDS scheme is presented in detail by Simpson7

and only a short discussion is presented here. The FVS al-
gorithm has been presented in some detail by Whitfield8 (for
stationary grids) and Belk2 (for dynamic grids) and, therefore,
is not discussed here. The FVS algorithm has been used by
many people to obtain solutions for the Euler equations that
compare well with experimental data for both steady and un-
steady transonic flow problems. Lijewski9 has shown excellent
steady results for a complex canard-body-tail configuration at
transonic Mach numbers and moderate range of incidence an-
gles, whereas Belk and Whitfield10 have shown unsteady re-
sults for oscillating airfoils and wings. However, Gatlin and
van Leer et al.11 have shown that in some cases the FVS scheme
is too dissipative to give good numerical results for viscous
calculations, especially in high gradient regions such as boundary
layers. Recent works by van Leer et al.,11 Chakravarthy and
Osher,12 and many others have discussed implementations of
the FDS scheme. However, Whitfield et al.3 and Janus13 have
described a hybrid Roe algorithm that has been used to obtain
excellent inviscid results for complex flowfields.14

Steady results were obtained for transonic Mach numbers
and moderate range of incidence angles for a laminar flat plate,
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RAE 2822 airfoil, the ONERA M6 wing, and the Langley
rectangular planform supercritical (LRPS) wing. A compari-
son between the FVS and FDS algorithms for all combinations
of flux limiters was obtained for steady flow, and all solutions
were compared with experimental data. In the interest of space
saving, only flat plate and LRPS results are shown here.

One of the major problems with unsteady thin-layer Navier-
Stokes (TLNS) calculations is the severe time step size limi-
tations that must be imposed to maintain a reasonable Courant-
Friedrichs-Lewy (CFL) number. Efforts to execute the un-
steady TLNS code for oscillating airfoils and wings using very
large CFL numbers are discussed. In order to maintain stability
at these large CFL numbers, a form of subiterations similar to
those described by Rai and Chakravarthy15 has been imple-
mented. The result of subiterations is to converge the solution
at a given time step before proceeding to the next step, thus
eliminating linearization and factorization errors and increas-
ing the stability. Unsteady results for both oscillating airfoils
and wings in transonic flow and a moderate range of angles
of attack are presented. The oscillating airfoil case (NACA
0012) is compared for various time steps sizes and numbers
of subiterations, whereas the oscillating wing (LRPS) results
are compared with the inviscid results of Belk2 and experi-
mental data.

Equations of Fluid Dynamics
The compressible, three-dimensional, time-dependent Na-

vier-Stokes equations in strong conservation form (without body
forces or external heat addition) can be written in body-fitted
curvilinear coordinates defined by

17 = j] (x, y, z, i)

£=((x9y,z,t)

r=r(t)

(la)

db)

dc)

(Id)

After applying the coordinate transformation given in Eqs.
(1), the three-dimensional Navier-Stokes equations become

dfi + d(F, - Fv) + d(Gt - Gv) + d(H, - Hv)
dr df dj] d£

where the vectors with / subscripts are the inviscid flux vectors
and those with v subscripts are the viscous flux vectors. If all
shearing surfaces are assumed to lie on constant 17 coordinate
lines, then after making the thin-layer assumption,16 which is
based on neglecting all stress terms except those with deriv-
atives tangent to the shearing surface, the result is the TLNS
equations

, - 5V)
dr

=
(3)

where Sv is the viscous flux vector after making the thin-layer
assumption.

Flux Difference Split Algorithm
An implicit, finite volume discretization of Eq. (3) with the

viscous terms separated and moved to the right side becomes
(note that subscript / has been dropped from the inviscid flux
vectors)

AT
8Gn+l 8Hn+l

+ ——— +
Af ATJ A£ ATJ

(4)

However, instead of the usual second-order linearization of
Briley-McDonald17 or Beam-Warming,18 the viscous terms are
linearized as

The remaining fluxes are split according to the sign of their
eigenvalues, linearized, and then factored into two terms as

x)]A<2" = -

where

R" = (8{F" + d^G" + 8{

and the flux Jacobians are defined as

(6)

(7)

(8)

similarly for A~ , B+ , B~ , C+, and C~.
The explicit treatment of the viscous flux vector is referred

to as time-lagged viscous terms. This implementation main-
tains the solution algorithm efficiency of the original Euler al-
gorithm (average increase in computational time is less than
10% for the same grid). Gatlin6 has shown this algorithm to
give reasonable engineering solutions for high Reynolds num-
ber flows when used with the Steger- Warming4 FVS scheme
for stationary grids. This treatment of the diffusive terms was
applied to the FDS scheme in the work shown here. The method
used to evaluate the viscous flux terms has been described in
detail by Gatlin6 and is not repeated here.

The inviscid flux terms can be evaluated according to van
Leer et al.11 in the form

(9)

and the freedom of choosing a numerical flux formula essen-
tially lies in the choice of the matrix coefficient, D(Qh <2/+i),
of the dissipation term. The FDS scheme used in this work
was based on Roe's5 approximate Riemann solver, which uses
an intermediate state of the dependent variables Q to determine
the matrix coefficient A(Q) of the dissipation term described
in Eq. (9). The first-order numerical flux formula for the Roe-
type scheme is

(10)

Roe5 required the matrix A(Qh <2/+i) t o have certain properties,
which he calls Property U, to ensure uniform validity across
discontinuities.

The dissipation matrix corresponding to the Steger-Warming
splitting (FVS) has been shown to contain too much numerical,
dissipation. The eigenvalues of the dissipation matrix for the
FVS scheme become discontinuous at a flow discontinuity,
whereas the eigenvalues of the dissipation matrix for the FDS
scheme approach zero at flow discontinuity, resulting in sharp
modeling of shocks or contact discontinuities.

The FDS scheme used has been described in detail by Whit-
field et al.3 for application to the three-dimensional Euler
equations. The flux formulas shown in Eq. (10) can be ex-
tended easily to three dimensions by splitting the wave into
the three curvilinear coordinate directions since the eigenval-
ues are dependent on the contravariant velocities normal to a
cell face. The wave motions are split based on these eigen-
values, resulting in a set of equations in which the wave mo-
tion is normal to the cell interface just as though they were a
set of one-dimensional equations.

The Jacobian matrix A(Qh Qi+\) is evaluated using a set of
special Roe-averaged variables for the three-dimensional Euler
equations. These are
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where h is the total enthalpy.
The details of an implicit algorithm using the FDS is given

by Simpson.7 As noted by Whitfield et al.,3 the implicit por-
tion of the FDS algorithm has the same form as the implicit
portion of the FVS and improved results and convergence rates
can be obtained by solving the FVS implicit portion combined
with the FDS representation for the residual vector. The reason
for the improved results using the implicit portion of the FVS
scheme is that approximated flux Jacobians are used for the
FDS scheme, whereas the FVS scheme uses the true partials
of the flux split Jacobians. Any approximations for these flux
Jacobian terms have nearly always degraded the convergence
rates of the solution. Therefore, the resulting equation is

x)]A<2" = -

R" =

(13)

(14)

The higher order (second and third) numerical fluxes used
here are due to Osher and Chakravarthy.19 The implementation
of the higher order methods is described by Whitfield et al.3
[refer to Eq. (54) in Ref . 3].

Using the equation for the first-order flux, a second- or third-
order scheme for the flux at cell interface i + !/2 may be ob-
tained by adding a correction term. If all Roe variables and
metric terms used in computing the eigenvalues and eigen-
vectors are evaluated at the cell face / + l/2, then the higher
order flux formula becomes

lutions obtained used a modified Baldwin-Lomax turbulence
model.6

Steady Results
Van Leer et al.'11 and Gatlin6 have pointed out that the nu-

merical dissipation for the FVS scheme is too large to allow
the accurate modeling of flow discontinuities such as shocks
and boundary layers. In order to document the effects of nu-
merical dissipation for viscous flow solutions, several steady
configurations were tested to compare the FDS scheme with
the FVS scheme.

The first configuration was a laminar flat plate boundary-
layer calculation for Mach = 0.5 and a Reynolds number based
on plate length of Re = 104. Flow solutions for a laminar
boundary layer on a flat plate were obtained using two grids.
Both grids used 70 points in the freestream direction. The two
grids differed in the number of grid lines in the normal direc-
tion from the plate and in the spacing set for the first point off
the plate. The first grid used 20 points in the normal direction
with the first point off the plate set at 0.002 plate length (fine
grid), whereas the second grid used 15 points in the normal
direction, and the first spacing was 0.02 plate length (course
grid).

The laminar boundary-layer profiles are presented in Fig. 1
for the FDS scheme on the course grid, and FVS on both the
course and fine grids. The calculations are shown compared
with the Blasius solution for a laminar flat plate. The FDS
scheme matches very well with the Blasius solution using the
course grid. Note that the FDS scheme has very accurately
modeled the laminar boundary-layer profiles with only three
mesh points internal to the boundary layer. The fine grid re-
sults with the FVS scheme do not compare well with the Blas-
ius solution and the course grid results are even worse. Ad-
ditional grid refinements did not improve the FVS results. The
FVS scheme has too much numerical dissipation to capture the
laminar boundary-layer profile, even on a very fine grid.

The RAE 2822 airfoil was used as a check case for the TLNS
algorithms using both FDS and FVS. The RAE 2822 was se-
lected because of the experimental data20 that exists for pres-
sure, skin friction, and velocity profiles. All solutions obtained7

showed very favorable comparisons for the FDS scheme and
experimental data and confirmed the results of Gatlin6 and van
Leer et al.11 concerning the excessive numerical dissipation of
the FVS scheme. The ONERA M6 wing was used as a three-
dimensional check case for the FDS scheme. Again, very fa-
vorable comparisons were obtained with experimental data.
These results are not shown here in order to save space for the
more important unsteady results.

L-(l,3)]jH+1/2

where

(15)

(16)

(17a)

(17b)

(17c)

Two flux limiters were tested in this work; they are defined
as the minmod and superbee limiters.7 All of the turbulent so-

i ~ Qi-\)

L A M I N A R F L A T P L A T E V E L O C I T Y D I S T R I B U T I O N
M A C H = 0 . 5 R E L = 1 0 , 0 0 0

1.50

Blasius
ROE
BMULE
BMULE

course grid
course grid
fine grid)

5. 10. 15.
NORMAL COORDINATE

Fig. 1 Velocity profiles for laminar flat plate.

20.
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The LRPS wing was used for the three-dimensional un-
steady test case due to the extensive amount of wind-tunnel
test data21 that exist. Therefore, for completeness, the LRPS
steady results will be presented. However, only FDS minmod
second-order results were obtained for the LRPS configura-
tion. The LRPS wing has an aspect ratio of 2 and a rectangular
planform. The experimental data used was taken in Freon, and
therefore, the ratio of specific heats is y = 1.131 with a tran-
sonic Mach number of 0.7 and a steady angle of attack of
4 deg.

The grid for this case had 221 points in the streamwise, x-
coordinate direction, 40 points normal to the surface, ^-co-
ordinate direction, and 15 points in the spanwise, z-coordinate
direction. The grid used a C mesh in the streamwise direction
and an H mesh in the spanwise direction. Each of the K planes
(constant spanwise location) have the same point distribution,
with clustering at the leading and trailing edges, Fig. 2. The
distribution was selected to give the most orthogonal grid pos-
sible. There are 10 K planes distributed along the wing span,
with the planes being clustered near the tip. The wingtip was
not modeled, instead the airfoil was simply collapsed to a line
at the K = 11 plane, which was placed just out from the wing-
tip. An additional four grid planes were distributed in the span-
wise direction to the far-field boundary. The spacing for the
first point off the wing was set such that a minimum Y+ of 1.5
occurred on the wing.

The grid described was used for steady calculations to com-
pare with the experimental data21 to verify the quality of the
grid before performing the unsteady calculations. The results
near the wingtip are of particular interest since the grid used
did not model the tip correctly. The transonic flow conditions
were Mach = 0.701 and 4.0-deg angle of attack, which was
considerably different from the supercritical design conditions
of Mach = 0.8 and 0.0-deg angle of attack, and resulted in a
sharp shock near the 20% chord location. Figures 3 and 4 show
pressure coefficient chordwise distributions for two span lo-
cations, 34% and 95%, respectively. Excellent agreement with
the experimental data is evident and confirms the adequacy of
the grid (including the collapsed wingtip) and the algorithm to
model the flowfield for three-dimensional flows. Belk2 has re-
ported a predicted shock position downstream of the position
shown in the experimental data using an inviscid approxima-
tion. The inclusion of the viscous terms has corrected the po-

sition of the predicted shock to more nearly coincide with the
experimental data.

Unsteady Results
Calculations of unsteady aerodynamics require a time-ac-

curate numerical scheme in which each grid cell is advanced
in time an equal amount (i.e., minimum time stepping). The
size of a time step is limited by the CFL condition. The use
of minimum time steps is very expensive for viscous solutions
since grid cells near solid surfaces are very small compared to
grid cells in outer regions of the flowfield (6—7 orders of mag-
nitude difference in cell volumes can exist). This means very
small time steps must be used over the entire flowfield for
minimum time stepping to maintain a reasonable maximum
CFL in the grid cells near solid surfaces. If a maximum CFL
of 100 is occurring in the grid cells near a solid surface, then
most of the flowfield is being advanced in time with CFLs of
much less than 1 (CFL = 1 X 10~4 -» 1 x 10"5).

The test cases used to study the effect of CFL on stability
and time accuracy were the NACA 0012 airfoil oscillating in
pitch about its 25% chord point in transonic conditions and the
LRPS wing oscillating in pitch about its 40% chord location.
The angle of attack was varied according to

a(t) = au (18)

Unsteady viscous calculations were obtained for the NACA
0012 airfoil at conditions to match the experiment by Lan-
don,22 with a Mach number of 0.755, mean angle of attack a0
of 0.016 deg, an unsteady angle of attack amplitude au of 2.51
deg, and a reduced frequency or Strouhal number k of 0.1628
based on chord length

k = (o>c)/Voo (19)

where a> is the frequency, c the chord length, and V^ the free-
stream velocity.

Solutions were obtained for different time step sizes to de-
termine the effects of large CFL numbers on unsteady viscous
calculations. All of the NACA 0012 calculations presented were
obtained using a C-type numerical grid with 221 x 40 points
and a chordwide distribution of points, as shown in Fig. 5.
The spacing set for the first point off the body was 1 x 10~6,

Fig. 2 C-H grid for Langley rectangular planform supercritical wing (221 x 40 x 15).
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R E C T A N G U L A R S U P E R C R I T I C A L W I N G
STEADY PRESSURE DISTRIBUTION

MACH=0.704 RE=4.03E06 ALPHA=4.00

Cp EXP DATA y/b=0.31
UPPER SURFACE
LOWER SURFACE

0.00 1.00

Fig. 3 LRPS wing steady pressure coefficient distributions at 34%
span.

RECTANGULAR SUPERCRITICAL WING
STEADY PRESSURE DISTRIBUTION

MACH=0.704 RE=4.03E06 ALPHA=4.00

Cp

-2.00

-1.50

-1.00

-0.50

CALCULATED y/b=0.95
ROE (MINMOD 2nd ORDER)

EXP DATA y/b^0.95
UPPER SURFACE
LOWER SURFACE

0.00 0.25 0.50x/c 0.75 1.00

Fig. 4 LRPS wing steady pressure coefficient distributions at 95%
span.

which gave approximately 15-20 grid cells inside the bound-
ary layer and resulted in a minimum Y+ of 0.1 over the entire
airfoil.

The unsteady calculations were performed by first obtaining
a steady solution for the airfoil at the mean angle of attack,
a0

 = 0.016 deg. The motion was impulsively started with the
angle of attack varied according to Eq. (18). The entire grid
was oscillated as a rigid body. The pressure distributions for
several different time step sizes are presented in Fig. 6. These
pressure distributions are "snapshots" of the pressure in time
as the airfoil is in motion. The airfoil is at the 60-degrees-of-
motion point, which corresponds to an increasing angle of at-
tack through 2.20 deg. The small time step size DT = 0.00102
was used as a reference time step to compare with other results
in order to check for time accuracy. As the time step increases,
the solution deteriorates to the point of being unusable even
though the solution did not "blowup" and continued for a com-
plete cycle of motion.

The time step size DT = 0.00102 resulted in 49,500 time
steps per cycle of oscillatory motion, whereas a time step size
DT = 0.0511 required 1002 time steps per cycle of motion
and resulted in a maximum CFL of 45,000 for the fine viscous
grid. Therefore, the results shown in Fig. 6 indicate that, if
unsteady viscous calculations for the oscillating airfoil are to

be practical or affordable, additional considerations must be
made to reduce computational efforts. Large time steps are
possible in the present approach due primarily to the favorable
stability properties of the two-pass scheme, as discussed by
Anderson,23 and due to the use of Newton iterations to con-
verge the solution at each time step before updating to the next
time step. These Newton iterations, referred to here as subiter-
ations, have been tried successfully by others (see Ref. 15),
but not with the FDS algorithm described here, not with an
explicit treatment of the viscous terms, and not with Jacobian
freezing.

The implementation of subiterations into the scheme is sim-
ply the addition of a term to the right side of Eqs. (13) and
(14) and a redefinition of A(2" on the left side:

+ x +ST?£+ x +^C+ x)]

Qp - Qn

AT
= -Ar|

where A<2P is defined as

- QP

(20a)

(20b)

(20c)

wherep is the subiteration count. When/? = 0, Qp - Qn, and
the system reverts to the noniterative scheme of Eq. (13). At
convergence, Qp —> Qn+l. Note that in this case the viscous
terms are no longer time lagged.

Ortega and Rheinboldt24 have shown that flux Jacobians can
be frozen (not updated) during a Newton iteration. The sig-
nificance of freezing the Jacobians and the resulting simplified
Newton method is a tremendous savings in computations since
the cost to recalculate the flux Jacobians is between 40—45%
of the cost of doing an entire iteration. Both methods, with
and without Jacobian freezing, were tried with no noticeable
differences in the results; therefore, only the simplified New-
ton method results are shown.

Pressure distributions for the NACA 0012 at 60 degrees mo-
tion are shown in Fig. 7 for time step size DT = 0.0511. The
pressure distribution shows some moderate wiggles for the zero
subiterations, whereas for only four subiterations, the solution
is much smoother and is suitable for determining the lift and
moment coefficients for use in design and analysis studies.
There is no noticeable difference between 4 subiterations and 16.

The idea of using subiterations for unsteady calculations was
to converge the solution at each time step and therefore allow
for much larger time steps sizes. However, problems exist for
converging solutions with numerical grids designed for viscous
flows that have a large variation in grid cell aspect ratio be-
tween grid cells near a solid surface and grid cells in the far
field. A possible solution for the convergence rate problem
during subiterations is the use of local time stepping.

Local time steps for subiterations were implemented such
that the overall time accuracy of the minimum time step it-
erations was preserved. Equation (20b) then becomes

-Ar/?p = -Arm
~Qp-Qn

_ ATmin

,) (21)

The result of using local subiterations, Eq. (21), was a sig-
nificant increase in the convergence rate for subiterations as
long as the CFL for the local subiterations was small enough
to maintain stability. Numerical experiments showed that the
local CFL must usually be less than 1.
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Fig. 5 C grid for NACA 0012 airfoil (221 x 40 x 2).

NACA 0012 UNSTEADY PRESSURE DISTRIBUTION
MACH=0.755 RE=5.5E06 ALPHA=0.016

(ZERO SUBITERATIONS)

-1.50-

N A C A 0012 U N S T E A D Y P R E S S U R E D I S T R I B U T I O N

Cp -1.00-

-0.50-

0.00

0.5 i

1.00

—-— DT=0.01022
——- DT=0.05111
—---- DT=0.20447

0.00 0.20 0.40 0 .60x/c 0.80 1.00

Fig. 6 NACA 0012 unsteady pressure coefficient distributions for
different time step sizes.

-1.50-

-1 .00-

-0.50-
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0.50

f . O O

MACH=0.755 RE=5.5E06 ALPHA=0.016
(DT=0.05111)

2 SUBS
——- 4 SUBS
—— - 16 SUBS

0 .00 0 .20 0 .40 0 .60
X/C

0 .80 1.00

Fig. 7 NACA 0012 unsteady pressure coefficient distributions
using minimum time step subiterations, DT = 0.0511.

The pressure distributions in Fig. 8 show very smooth re-
sults for time step size DT = 0.05111 using local time step
subiterations even for only two subiterations. There is no no-
ticeable difference in the solutions between two local time step
subiterations and four local time step subiterations.

Time-accurate calculations with this algorithm would at first
glance seem to be limited to first-order temporal accuracy.
However, the use of subiterations alleviates this problem be-
cause linearization and factorization errors go to zero at con-
vergence. Therefore, using a second-order time discretization
with subiterations gives a second-order accurate in time scheme
at convergence. A comparison of a first- and second-order
temporal differencing with DT = 0.0511 was obtained for four
cycles of motion (1440 degrees of oscillatory motion) of the
NACA 0012. Figure 9 shows "snapshots" of the unsteady
pressures using DT = 0.0511 and four subiterations for first-
and second-order temporal accuracy compared with DT =
0.00511 and zero subiterations and with the experimental data.22

In Fig. 9a, the shock location of the second-order solution
is leading the shock location predicted by the first-order so-
lutions for DT = 0.005111 and 0.05111 with four minimum
subiterations. The largest difference occurs when the shock is
traveling the fastest, such as the 70 degrees of oscillatory mo-
tion (Fig. 9b). Note that at the point where the shock is ba-
sically stationary (i.e., 160 degrees of motion, Fig. 9c) the two
DT = 0.05111 cases for first- and second-order temporal
schemes are essentially identical.

The three-dimensional unsteady calculations were obtained
for the LRPS wing at a Mach number of 0.699 and a steady
angle of attack of 4.03 deg. The angle of attack was varied
according to Eq. (18) with an unsteady amplitude of 1.035 deg
and a reduced frequency, Eq. (19), of 0.358.

A steady starting condition was obtained using a CFL of 5
for 1000 iterations, after which the motion was impulsively
started. The calculations were run for three cycles of motion.
During the third cycle, the pressure coefficients were saved at
each time step. The time step size was DT = 0.069, which
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N A C A 0.012 U N S T E A D Y P R E S S U R E D I S T R I B U T I O N
MACH=0.755 RE=5.5E06 ALPHA=0.016

(DT=0.05111)

-1.50-

-1 .00-

-0.50-

DEG ( 6 0 )
DT=Q.05111
DT=0.05111

0 SUBS)
2 LOCAL SUBS
4 LOCAL SUBS

0.00 0.20 0.40 0 .60x/c 0.80 1.00

Fig. 8 NACA 0012 unsteady pressure coefficient distributions
using local time step subiterations, DT = 0.0511.

NACA 0012 UNSTEADY PRESSURE DISTRIBUTION
MACH=0.755 RE=5.5E06 AiPHA=0.016 K=0.1628

-1.50-

Cp -1.00-

-0.50-

0.00

0.50

1.00

EXPERIMENT
UPPER SURFACE
LOWER SURFACE

0.00 0.20 0.40 0.60
X/C

0.80 1.00

Fig. 9a Unsteady pressure coefficient distributions for first- and,
second-order time accuracy, 25 degrees of motion.

corresponds to 360 time steps per cycle of motion (same as
used by Belk2 for the inviscid calculations), and five minimum
time step subiterations were used to converge the solution at
each time step by nearly one order of magnitude. The maxi-
mum CFL for this case was approximately 17,000.

The magnitude and phase of the unsteady pressure coeffi-
cients from the third cycle of motion was obtained by Fourier
analysis. The magnitude and phase of the unsteady pressure
coefficients are presented along with the inviscid results from
Belk2 and the experimental data21 for the semispan locations
in Figs. lOa-lOd. Again, the predicted results compare well
with the experimental data. Belk2 reported a misplacement of
the sharp spike in magnitude of the unsteady pressure coeffi-
cient due to the inviscid code misplacing the shock. Once again,
the inclusion of the viscous terms has seemingly corrected this
problem to give good agreement with the experimental data,
as shown in Figs. lOa and lOb.

The agreement with experimental data tends to degrade near
the wingtip, such that at the 95% semispan location the phase
comparison (Figs. lOc and lOd) is not as good. The shift in
the phase for the upper surface is obviously misplaced, and
the phase for the lower surface is consistently under predicted.
The story is similar but not as severe at 85% semispan location
(not shown here). The reduced accuracy at the tip should come
as no great surprise considering the grid treatment of the wing-
tip. The inviscid solutions shown from Belk2 were obtained
using a C-O-type wing grid in which the actual wingtip was
modeled by wrapping the grid around the tip. This more ac-
curate treatment of the wingtip explains the improved results
obtained from the Euler code at the tip.

These results required nearly 6 h of CPU time per cycle of
motion on Cray-2, which demonstrates that unsteady viscous
calculations are still very expensive. However, it is estimated
that the cost of these calculations, without the use of Newton
subiterations and Jacobian freezing, would have been approx-
imately 200 CPU h per cycle of motion. This comparison dem-
onstrates that the technique, although still expensive, results
in a significant improvement in CPU time.

Conclusions
An algorithm has been presented for computing unsteady

thin-layer Navier-Stokes solutions for oscillating airfoils and
wings. The FDS algorithm was first compared with the FVS
algorithm for steady viscous calculations. The computer lam-
inar boundary-layer profiles for a flat plate were compared with
the Blasius solutions, and the FDS was the clear winner since
it managed to capture the laminar profile with only three grid

NACA 0012 UNSTEADY PRESSURE DISTRIBUTION
MACH=0.755 RE=5.5E06 ALPHA=0.016 K=0.1628

—— DT=0.051118 4 SUBS 2nd ORDER

EXPERIMENT
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LOWER SURFACE1 .00

0.00 1.00

Fig. 9b Unsteady pressure coefficient distributions for first- and
second-order time accuracy, 70 degrees of motion.
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Fig. 9c Unsteady pressure coefficient distributions for first- and
second-order time accuracy, 160 degrees of motion.
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Fig. 10a Magnitude of unsteady LRPS wing pressure distribu-
tions at 34% span.
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Fig. lOc Magnitude of unsteady LRPS wing pressure distribu-
tions at 95% span.
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Fig. lOb Phase of unsteady LRPS wing pressure distributions at
34% span.
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Fig. lOd Phase of unsteady LRPS wing pressure distributions at
95% span.

points inside the boundary layer; whereas with four times as
many grid points inside the boundary layer, the FVS scheme
still could not match the comparison of FDS with the Blasius
solutions. The excess numerical dissipation in the FVS scheme
is also observed in shocks in the form of smearing the shock
waves over several grid cells. The improved solutions for the
FDS scheme did not come cheap since the FDS scheme has a
higher operational count than does the FVS (approximately 20%
higher) and the convergence rate for the FDS scheme is slower
than the FVS scheme, therefore requiring more iterations to
reach the same convergence level (approximately 25% more
iterations).

The second-order FDS scheme with the minmod limiter was
selected as the algorithm to be used for the unsteady thin-layer
Navier-Stokes computations. The emphasis was placed on ob-
taining time-accurate viscous solutions for oscillating airfoils
and wings as cheaply as possible. Since the diffusive terms
were treated explicitly, the formal temporal accuracy of the
algorithm without subiterations was limited to first-order ac-
curate. A form of Newton subiterations was implemented to
converge the unsteady calculations at each time step before
progressing the solution to the next time step. The use of these
subiterations then allowed the calculations to progress at much
larger time step sizes (and CFL number) than would otherwise

be possible. The use of subiterations also provided the capa-
bility for a second-order time-accurate scheme at convergence
of the subiterations.

The use of subiterations were shown to significantly im-
prove the quality of the solution and, in some cases, allow a
solution to be obtained that otherwise would have been im-
possible at the time step size being used. Unsteady calculations
for the two-dimensional NACA 0012 airfoil were performed
to help select the proper combinations of the step size and sub-
iteration number to give the best possible solution. The results
from these calculations were used to make more extensive two-
and three-dimensional unsteady calculations to compare with
experimental data. The three-dimensional calculations for the
supercritical rectangular planform wing showed excellent
agreement with the experimental data, and the use of subiter-
ations with the FDS scheme resulted in a relatively efficient
algorithm that could be used in more complex three-dimen-
sional unsteady viscous calculations.
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